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Abstract
This paper discusses extensions of the Baer splitting property to the class of self-small abelian
groups of finite torsion-free rank. This class is extensive, containing the classes of torsion-free abelian
groups of finite rank and mixed quotient divisible groups. The latter in particular includes the class G.
Several applications of the main results are given.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
Splitting properties play an important role in investigating how ring-theoretic properties
of the endomorphism ring of a module are related to its module-theoretic properties. For
abelian groups, such properties have particular importance because one of the most influ-
ential results in the theory of abelian groups is Baer’s Lemma [22, Proposition 86.5]. It
was introduced by Baer in [13] for the study of homogeneous completely decomposable
torsion-free abelian groups, and has become one of the most important tools in the discus-
sion of torsion-free abelian groups of finite rank [22, Section 86] and [10]. Furthermore,
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Naturally, the question arises whether Baer’s Lemma can be generalized by replacing
the rank 1 torsion free group by a more general group without losing the splitting proper-
ties. Although it soon became apparent that some restrictions are needed, it was not until
1975 that Arnold and Lady showed in [11] that the most natural way to introduce these
restrictions is in terms of the endomorphism ring, E = E(A), of the group A. Following
their approach, Albrecht proved in [6] that the Baer splitting property for a group A is
closely connected the structure of A as a left E-module. In this discussion, the faithfulness
of A as an E-module played a central role. This paper discusses quasi-splitting properties
for sequences of mixed abelian groups. Its results are a natural continuation of a series of
papers [2,3,5,7,15,16,19,21,24,27,28].
The word group always means abelian group. The symbol tA denotes its maximal tor-
sion subgroup, and tpA its p-primary component. In addition, A = A/tA. The symbol
supp(A) denotes the set of primes p such that tpA = 0. If B is a subgroup of A such that
A/B is bounded, we say that B is quasi-equal to A, and write B .= A.
One of the central tools in our discussion is the adjoint pair of functors HA =
Hom(A,−) and TA = −⊗E A between the category Ab of abelian groups and the
category Mod -E of right E-modules. These functors induce natural transformations
θ :TAHA → 1, G → θG :TAHA(G) → G, and φ : 1 → HATA, X → φX :X → HATA(X).
For a group G, the image of θG is called the A-socle of G, denoted by SA(G). We say that
G is A-generated if G = SA(G). Clearly, G is A-generated if and only if it is an epimor-
phic image of
⊕
I A for some index-set I . A particular class of A-generated groups are the
A-projective groups, i.e. direct summands of direct sums of copies of A. Finally, the group
G is finitely A-generated if the set I can be chosen to be finite.
Section 2 presents properties of mixed self-small abelian groups. Self-small modules
were introduced by Arnold and Murley in [12]. Theorem 2.1 summarizes the basic prop-
erties of self-small groups of finite torsion-free rank that can be found in the literature. Its
part (b) shows that Hom(A, tA) is the torsion ideal tE of E in the self-small case. Hence
E = E/tE is the endomorphism ring of A in the category Walk whose objects are the
abelian groups, while the Walk-morphism groups are Hom(G,H)/Hom(G, tH).
Section 3 contains some preliminary material on the category QAb which was in-
troduced by E. Walker in [26]. The objects of QAb are the abelian groups, and
HomQAb(G,H) = Q⊗Hom(G,H). Abelian groups G and H are quasi-isomorphic if they
are isomorphic in QAb. We denote this relationship by G ∼ H . Quasi-homomorphisms
between arbitrary groups behave as one is accustomed from the torsion-free case, and we
employ the standard terminology. In particular,
1. G is a quasi-summand of A if it is quasi-isomorphic to a QAb-direct summand of A.
2. A group G is almost finitely A-projective if it is a quasi-summand of An for some
positive integer n.
3. The map α :G → H quasi-splits if it splits in QAb.
4. The map α :G → H is a quasi-monomorphism (quasi-epimorphism) if it is a
monomorphism (epimorphism) in QAb. This is equivalent to the fact that kerα
(H/αG) is a bounded abelian group.
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.= G. Similar to the A-generated
case, we have G is almost A-generated if and only if there exists an index-set I and a
quasi-epimorphism ϕ :
⊕
I A → G [17, Proposition 2.1].
6. The group G is almost finitely A-generated if there exists a quasi-epimorphism
An → G for some a positive integer n.
We are particularly interested in extensions of the Baer-splitting property to QAb.
An abelian group A has the finite quasi-Baer-splitting property if every exact sequence
0 → B α→ G → P → 0 quasi-splits provided α(B)+ SA(G) .= G and P is almost finitely
A-projective. The group A has the weak finite quasi-Baer splitting property if every quasi-
epimorphism β :C → G such that C is an almost finitely A-generated group and G is
almost finitely A-projective quasi-splits.
Section 4 investigates self-small abelian groups of finite torsion free rank A satisfying
the various extensions of the Baer-splitting property. In Theorem 4.2 and Corollary 4.3,
these properties are characterized using the structure of A as an E-module and, respec-
tively, the structure of A as an E-module. We want to mention that, in [8, Theorem 5.1]
and [15, Theorem 2.6], strong conditions on A needed to be added to the hypotheses in
order to ensure that the (almost) faithfulness of A as an E-module yields that A is (al-
most) faithful as an E-module. For the almost finitely faithful property, these conditions
are not necessary. At the end of Section 5, we give a complete description of the struc-
ture of self-small groups of finite torsion-free rank with the quasi-Baer-splitting property
(Theorem 5.2). This theorem will be used in Section 6 to characterize the groups A ∈ G
such that A is faithful as an E-module in terms of two rank conditions. Here, G is the class
of mixed groups introduced by Glaz and Wickless in [24], and discussed in further detail
in [8].
2. Self-small abelian groups
A group A is self-small if, whenever α ∈ HA(⊕I A) for some index-set I , then there is
a finite subset I ′ of I with α(A) ⊆⊕I ′ A. The next result summarizes some of the basic
properties of self-small groups. To simplify our notation, let r0(G) = rank(G/tG) for all
abelian groups G.
Theorem 2.1 ([12, Theorem 3.6], [8, Theorem 2.4]). Let A be a group with r0(A) < ∞.
The following are equivalent:
(a) A is a self-small group.
(b) Every tpA is finite, and Hom(A, tA) is a torsion group.
(c) Every tpA is finite, and, for every (some) full free subgroup F of A, the group A/F is
p-divisible for almost all p ∈ supp(A).
Because of [12], every endomorphic image of a self-small group is again self-small. In
particular, the class of self-small groups is closed with respect to direct summands. The
following properties of self-small groups follow directly from Theorem 2.1:
4 U. Albrecht et al. / Journal of Algebra 293 (2005) 1–16Corollary 2.2. Let A be a self-small group with r0(A) < ∞.
(a) Every bounded factor group of A is finite.
(b) If H is a subgroup of A such that A/H is bounded, then H is self-small.
(c) If A is a subgroup of B such that B/A is bounded, and every tpB is finite, then B is
self-small.
(d) If A = B ⊕C, then Hom(B,⊕I tC) is a torsion group for all index-sets I .
To facilitate our study of mixed groups in terms of E and E, some technical results are
needed:
Lemma 2.3. Consider the commutative diagram
H
α
π
G
β
ρ
K
σ
0
H ′
α′
G′
β ′
K ′ 0
of abelian groups with exact rows in which Ker(ρ) and K ′ are torsion and π is onto.
(a) K is a torsion group.
(b) If, for a prime p, the p-component of K ′ is bounded by pkp and the p-component of
Ker(ρ) is bounded by p	p then the p-component of K is bounded by pkp+	p .
Proof. (a) Let x ∈ K and y ∈ G such that β(y) = x. Since K ′ is torsion, mβ ′ρ(y) = 0 for
some integer m = 0, and there is an element z ∈ H such that ρ(my) = α′(π(z)) = ρ(α(z)).
Then, my − α(z) ∈ Ker(ρ). Choose an integer k = 0 with mky = α(kz). Consequently, we
obtain mkx = β(mky) = βα(kz) = 0. For (b), we replace m in the proof of (a) by pkpm′,
and k by plpk′ such that gcd(m′,p) = gcd(k′,p) = 1. 
Let A be a self-small group with r0(A) < ∞. Consider a finitely generated right E-
module X and an exact sequence
⊕
I E
α→ En β→ X → 0 where n < ω. This sequence fits
in a commutative diagram
⊕
I E
α
π1
En
β
π2
X
γ
0
⊕
I E
α
En
β
Y 0
()
where π1 and π2 are the canonical projections modulo the respective torsion subgroups.
Observe that the maps α and β can be viewed as E-homomorphisms, so Y is a finitely
generated E-module. Conversely, let Y be a finitely generated right E-module. The fact
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⊕
I E is projective allows us to embed every exact sequence
⊕
I E
α→ En β→ Y → 0
into a commutative diagram as in ().
Proposition 2.4. Let A be a self-small group with r0(A) < ∞. In the diagram (),
(a) X is bounded as an abelian group if and only if Y is bounded as an abelian group.
(b) TA(X) is bounded if and only if Y ⊗E A is bounded.
(c) Let δ :En →⊕I E be an E-homomorphism for which there exists a non-zero integer
m with αδ = m1En . If δ :En →
⊕
I E is an E-homomorphism such that π1δ = δπ2,
then there exists a non-zero integer k with kαδ = km1En .
Proof. (a) Since γ is an epimorphism, X is bounded implies the same for Y . Conversely,
if Y is bounded as an abelian group, then X is torsion by Lemma 2.3. Since X is finitely
E-generated, it is bounded.
(b) Suppose that TA(X) is bounded. Since TA(γ ) and the canonical homomorphism
from TA(Y ) = Y ⊗E A to Y ⊗E A ∼= Y ⊗E A are epimorphisms, Y ⊗E A is bounded.
Conversely, assume that Y ⊗E A ∼= Y ⊗E A is bounded. We apply the functor TA =
−⊗EA to () to obtain the commutative diagram
A(I)

An

X ⊗E A 0
E(I) ⊗A E(n) ⊗A Y ⊗E A 0
with exact rows. The vertical maps TA(πi) for i = 1,2 are isomorphisms since their kernels
are images of the torsion groups TA(kerπi), while TA(F ) is torsion-free whenever F is
a free E-module. Then, TA(X) is a bounded group. In view of the exact sequence ()
X ⊗E tA → X ⊗E A → X ⊗E A → 0, the group TA(X) is torsion. Because TA(X) is
bounded, supp(TA(X)) \ supp(A) is a finite set of primes.
Suppose that supp(TA(X)) is infinite. Then Hom(TA(X), tAn) cannot be a torsion
group. Since the epimorphism An → TA(X) induces a monomorphism Hom(TA(X),
tAn) → Hom(An, tAn), the group Hom(An, tAn) cannot be torsion. Then, HA(tA) is not
torsion, contradicting Theorem 2.1. Therefore the support of the torsion group TA(X) is
finite. Since A is self-small of finite torsion-free rank, tpA is finite for all primes p, and
using again the sequence () we deduce that every p-component of TA(X) is bounded,
hence TA(X) is a bounded group.
(c) Because of the equalities π2αδ = απ1δ = αδπ2 = mπ2, one has π2(αδ−m1En) = 0.
We apply the functor TA to obtain TA(π2)TA(αδ − m1En) = 0. Since the sequence
TA(tE
n) → TA(En) TA(π2)−−−→ TA(En) → 0 is exact, TA(αδ − m1En) ∈ Hom(TA(En),
tTA(E
n)) ∼= Hom(An, tAn) which is torsion by Theorem 2.1. There exist an integer k
such that TA(kαδ − km1En) = 0. Apply the functor HA, and use the fact that HA and TA
induce equivalences between the class of A-projective groups and the class of E-projective
right E-modules (since A is self-small) to obtain kαδ = km1En . 
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We begin with a result, well known for torsion-free groups of finite rank. For the con-
venience of the reader a proof is included.
Lemma 3.1. If G ∼ H ⊕ K then there exist subgroups H ′ ∼ H and K ′ ∼ K of G such
that G .= H ′ +K ′ and H ′ ∩K ′ is a bounded group. Moreover, if every p-component of G
is bounded, then H ′ and K ′ can be chosen in such a way that H ′ ∩K ′ = 0.
Proof. Let α :H ⊕ K → G be an isomorphism in QAb, and choose a non-zero inte-
ger n such that nKer(α) = 0. Then H ′ = α(H) and K ′ = α(K) are as desired. Since
n(H ′ ∩K ′) = 0, we may assume G[p] = 0 for all p | n provided that each tpG is
bounded. 
An abelian group A is strongly essentially indecomposable if it is indecomposable in
QAb, or equivalently if QE = Q ⊗ E has no non-trivial idempotents. Observe that QE is
artinian if A is self-small of finite torsion free rank. Moreover, an artinian ring has no non-
trivial idempotents if and only if it is local. This was used in [16, Theorem 2.9] to obtain
a Krull–Schmidt theorem for self-small groups of finite torsion free rank. The following
theorem summarizes these results.
Theorem 3.2. A self-small group A with r0(A) < ∞ has a unique quasi-decomposition
A ∼⊕ni=1 Amii where each Ai is a strongly essentially indecomposable self-small group
and the Ai ’s are pairwise non-quasi-isomorphic. Furthermore, each quasi-summand G of
A is a self-small group of the form G ∼⊕ni=1 Akii with ki mi for all i.
Analogously to QAb, we have the category Q(Mod -E) (see [18]). The pair (HA,TA)
induces a pair of adjoint functors (QHA,QTA) between QAb and Q(Mod -E) extending
HA and TA in the obvious way [23]. The canonical maps associated with these functors are
the quasi-homomorphisms
1 ⊗ θG ∈ QHom
(
TAHA(G),G
)
and 1 ⊗ φX ∈ QHom
(
X,HATA(X)
)
.
The largest classes, between which QHA and QTA induce an equivalence, are the classes of
almost A-solvable groups and almost A-solvable right E-modules, respectively. Observe
that a group G is almost A-solvable if and only if θG is a quasi-isomorphism [1].
Lemma 3.3. Let A be a self-small group with r0(A) < ∞. Then, every almost finitely
A-generated subgroup G of a finitely A-projective P is self-small.
Proof. There exists a quasi-epimorphism α :Am → G. Furthermore, P is a direct sum-
mand of An. Without loss of generality, we can assume m = n. We can therefore view α an
endomorphism of Am and this implies that α(Am) is a self-small group as an endomorphic
image of the self-small group Am. Since α(Am) .= G, the group G is self-small by the
remarks following Corollary 2.2. 
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A-solvable.
Proposition 3.4. If A is a group and G is an almost finitely A-projective group, then the
following hold:
(a) G is almost A-solvable.
(b) If A is a self-small group of finite torsion free rank, then HA(G) is a finitely generated
E-module.
Proof. (a) Since G is a quasi-summand of An for some n > 0 it follows immediately
that θG is a quasi-epimorphism. Consider homomorphisms α :An → G and β :G → An
such that αβ = k1G for some non-zero integer k. We have the following the following
commutative diagram
TAHA(A
n)
TAHA(α)
θAn
TAHA(G)
TAHA(β)
θG
An
α
G.
β
Since βθG = θAnTAHA(β), and the homomorphisms β , θAn , and TAHA(β) are quasi-
monomorphisms, the map θG is a quasi-monomorphism too. Moreover, θG is a quasi-
epimorphism since α is a quasi-epimorphism.
(b) Suppose that G is a quasi-summand of An. We can suppose that G is a subgroup of
An and that there exists a subgroup H An such that G⊕H .= An. Since A is self-small
and r0(A) < ∞, there exists a non-zero integer k such that (G ⊕ H)/kAn is finite. We
obtain the exact sequence
0 → HA
(
kAn
)→ HA(H)⊕HA(G) → HA((G⊕H)/kAn)
whose first term is E-finitely generated and whose last term is finite. 
4. The finite quasi-Baer-splitting property
Our first result describes the finite quasi-Baer-splitting property in terms of almost
A-generated modules. Its proof is standard, and therefore omitted.
Lemma 4.1. A group A has the finite quasi-Baer-splitting property if and only if every
quasi-epimorphism β :G → P , where G is an almost A-generated group and P is an
almost finitely A-projective group, quasi-splits.
A left R-module M is almost finitely faithful if every finitely generated right R-module
X such that X ⊗R M is bounded has a bounded additive group. Clearly, it is enough to
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if I is an right ideal in R such that IM .= M then I .= R.
Theorem 4.2. The following are equivalent for a self-small group A of finite torsion-free
rank:
(a) A has the finite quasi-Baer-splitting property.
(b) A is almost-finite-faithful as an E-module.
(c) If C is almost A-generated, G is almost finitely A-projective and β :C → G is a quasi-
epimorphism then Coker(HA(β)) is bounded as an abelian group.
(d) A is almost-finite-faithful as E-module.
Proof. (a) ⇒ (b). Let X be a finitely generated right E-module such that TA(X) is
bounded. Consider a free resolution F α→ P → M → 0 for M such that P is finitely gen-
erated. Then, TA(α) :TA(F ) → TA(P ) is a quasi-epimorphism which quasi-splits because
of (a). Moreover we have the following commutative diagram:
F
α
φF
P
φP
TAHA(F)
TAHA(α)
TAHA(P )
in which the vertical arrows are quasi-isomorphisms and TAHA(α) quasi-splits. Therefore
α quasi-splits too, so X = Coker(α) is bounded as an abelian group.
(b) ⇒ (c). Consider a quasi-epimorphism β :C → G such that C is almost A-generated
and G is almost finitely A-projective. We obtain the commutative diagram
TAHA(C)
TAHA(β)
θC
TAHA(G)
θG
TA(Coker(HA(β))) 0
C
β
G 0
whose rows are exact in QAb. Moreover, θC and β are epimorphisms in this category,
and θG is an isomorphism. Thus, TAHA(β) is an epimorphism in QAb. Consequently,
TA(Coker(HA(β))) is a bounded group. Thus, G is almost A-solvable. By Lemma 3.4
HA(G) is a finitely generated right E-module. Then, Coker(HA(β)) is finitely generated,
and (b) implies that Coker(HA(β)) is bounded.
(c) ⇒ (a). Let β :C → G be a quasi-epimorphism such that C is almost A-generated and
G is almost finitely A-projective, say G is a quasi-summand of An. Select homomorphisms
ι :G → An and π :An → G such that πι = k1G for some non-zero integer k.
Using (c), we obtain that Coker(HAn(β)) is bounded. Consequently, there exist a non-
zero integer s and a homomorphism α :An → C such that sπ = βα. Then βαι = sk1G.
This proves that β quasi-splits.
The equivalence of (b) and (d) is a direct consequence of Proposition 2.4. 
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Corollary 4.3. The following are equivalent for a self-small group A of finite torsion-free
rank:
(a) A has the weak finite quasi-Baer-splitting property.
(b) If m,n are positive integers and f :Am → An is a quasi-epimorphism, then f quasi-
splits.
(c) If X is a finitely presented right E-module such that TA(X) is bounded, then X is
bounded as an abelian group.
(d) If X is a finitely presented right E-module such that X ⊗E A is bounded, then X is
bounded as an abelian group.
Proof. The proof is very similar to that of the previous theorem. We only outline that of
(c) ⇒ (a) because it requires few modifications.
Let β :C → G be a quasi-epimorphism where G is almost finite A-projective and C is
almost finitely A-generated. If α :An → C is a quasi-epimorphism, then, arguing as in the
proof of the previous theorem, Coker(HA(βα)) is bounded as an abelian group. Thus, there
exist γ :G → An and an integer k > 0 such that βαγ = k1G. Hence, β quasi-splits. 
The following corollary is a consequence of the fact that for Noetherian rings every
finitely generated module is finitely presented.
Corollary 4.4. Let A be a self-small group of finite torsion-free rank such that the Walk-
endomorphism ring E is a Noetherian ring. Then, A has the finite quasi-Baer-splitting
property if and only if A has the weak finite quasi-Baer-splitting property.
A ring R is a left Kasch-ring if every proper right ideal has a non-zero left annihilator
[25]. It is easy to see that a left Kasch-ring R whose additive group is torsion free is
divisible as an abelian group. Self-small abelian groups of finite torsion-free rank such that
QE is a left Kasch-ring are of central importance to our main subject as is demonstrated
by the following
Theorem 4.5. A self-small group A of finite torsion-free rank such that QE is a left Kasch-
ring has the finite quasi-Baer splitting property.
Proof. By Theorem 4.2, it suffices to prove that the module EA is almost finitely faithful.
Equivalently, we show that if I¯  E is a right ideal with A/I¯A bounded, then E/I¯ is
bounded. Let I be a right ideal containing tE such that I¯ = I/tE. If the cyclic right E-
module E/I¯ is not bounded, it is not torsion. Therefore, Q ⊗ E/I¯ = 0 yields that QI is a
proper right ideal of QE = QE. There exists α ∈ E such that 0 = α annihilates QI¯ , and,
consequently, αI is torsion.
Since I contains the torsion part of E and every p-component of A is finite, tA ⊆ IA.
Moreover, IA/tA = I¯A yields that A/IA is bounded. Choose a non-zero integer 	 such
10 U. Albrecht et al. / Journal of Algebra 293 (2005) 1–16that 	A ⊆ IA. Then, 	α(A) = α(	A) ⊆ αI (A). Therefore, α(A) ⊆ tA, and Theorem 2.1
shows that α ∈ tE, a contradiction to 0 = α. 
Corollary 4.6. If every proper right ideal of the quasi-endomorphism ring of a self-small
group A of finite torsion-free rank is nilpotent then QE is a left Kasch-ring. In particular,
A has finite quasi-Baer-splitting property.
This result particularly applies to self-small strongly essentially indecomposable groups
of finite torsion free rank.
5. Krull–Schmidt quasi-direct decompositions
In [4] Albrecht characterized the finite rank torsion-free groups with the finite quasi-
Baer splitting property in terms of their quasi-direct sum decompositions in the category
QAb. In this section, we generalize Albrecht’s theorem to self-small groups A of fi-
nite torsion-free rank. As in Theorem 3.2, each such A has a quasi-decomposition: A ∼
A
m1
1 ⊕· · ·⊕Amkk into powers of self small strongly essentially indecomposable summands
that are pair-wise non-quasi-isomorphic. The positive integers mi are uniquely determined,
and the Ai are determined up to quasi-isomorphism. Henceforth, for self-small A with
r0(A) < ∞, call such a decomposition a (qd)-decomposition. Say that Amii =
⊕mi
l=1 Ail
with each Aij ∼= Ai. It is easy to see from the (qd)-decomposition that, for each 1 i  k
and corresponding 1  l  mi, we have SA(Ail) .= SAi (Ail) .= Aij ; that is, each Ail is
both almost A-generated and almost Ai -generated. However, if A is going to have the fi-
nite quasi-Baer splitting property, we need an independence-type condition controlling the
Aj -socles of Ai for j = i.
Definition 5.1. A (qd)-decomposition A ∼ Am11 ⊕ · · · ⊕ Amkk has the superfluous socles
property if the following hold:
(1) Ai is almost (finitely) Aj -generated if and only if i = j .
(2) if U1, . . . ,Un are subgroups of Ai such that each Uj is almost (finitely) Aj -generated
and
∑n
j=1 Uj
.= Ai , then Ui .= Ai .
Theorem 5.2. Let A be self-small of finite torsion-free rank. The following are equivalent:
(a) A has the finite quasi-Baer splitting property.
(b) A has a (qd)-decomposition A ∼⊕ki=1 Amii with the superfluous socles property.
In this case, every (qd)-decomposition of A has the superfluous socles property.
Proof. (a) ⇒ (b). Let A ∼⊕ki=1 Amii be a (qd)-decomposition of A. We show that this
decomposition has the superfluous socles property. Suppose that there exists a quasi-
epimorphism β :A(X) → Ai . It is not hard to see that A(X) is almost A-generated since Ajj j
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that βα = k1Ai . If G = α(Ai) and F is a full free subgroup of G then G/F is p-divisible
for almost all p ∈ supp(Aj ) (otherwise Ai ⊕Aj is not a self-small group since in this hy-
pothesis we can construct a homomorphism γ :G/F → tAj such that γ (G/F) is infinite
and we can view γ α as an infinite order element in Hom(Ai ⊕Aj , t (Ai ⊕Aj))). Moreover,
we can assume that there exists a finite subset X0 ⊆ X such that F ⊆ AX0j . Consider the di-
rect decomposition A(X)j = AX0j ⊕A(X\X0)j with the projection π :A(X)j → A(X\X0)j . Since
π(F) = 0, it follows that π(G) is a torsion group. Hence, π(G) = πα(Ai) is a bounded
group since πα is a finite order element of Hom(Ai,A(X\X0)j ) by Corollary 2.2. Thus,
there exists a non-zero integer s such that sG ⊆ AX0j . Then, sG is a quasi-direct summand
of the self-small group AX0j . By Theorem 3.2, G ∼ Aj . But G ∼ Ai yields Ai ∼ Aj , and
hence i = j .
We fix an index i, and assume that for all j ∈ {1, . . . , k} there exists an almost
Aj -generated subgroup Uj ⊆ Ai such that ∑nj=1 Uj .= Ai . Since every Uj is almost
Aj -generated, we can find a quasi-epimorphism β from H =⊕nj=1 A(Xj )j to Ai with
β(A
(Xj )
j )
.= Uj for all j ∈ {1, . . . , n}. Because β quasi-splits there exist a homomorphism
α :Ai → H and a non-zero integer k such that βα = k1Ai . Since Ai is of finite torsion
free rank, arguing as in the previous paragraph, we obtain finite subsets X0j ⊆ Xj with the
following property: if
H = H ′ ⊕
(
n⊕
j=1
A
X0j
j
)
,
and if π :H → H ′ is the canonical projection, then πα(Ai) is a torsion group. Again the
condition that A is self-small assures that πα(Ai) is bounded. Therefore, we may assume
that
α(Ai) ⊆
n⊕
j=1
A
X0j
j .
Then
n∑
j=1
β
(
A
X0j
j
)
.= Ai.
Let
Vj = β
(
A
X0j
j
)
.
Since Vj is finitely Aj -generated, Vj is a self-small group as an endomorphic image of the
self-small group
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X0j
j ⊕Ai.
Each Vj has a Krull–Schmidt decomposition in QAb. Hence, viewed in QAb,
⊕n
j=1 Vj is
a finite direct sum of objects with local endomorphism ring. The classical Krull–Schmidt
theorem shows that there exists an index 	 such that Ai is quasi-isomorphic to a strongly
indecomposable quasi-direct summand of V	, call it H . Let ι :H → Ai be the inclu-
sion map and ϕ :Ai → H be a quasi-isomorphism. Then ιϕ is an endomorphism of the
strongly indecomposable group Ai which is a quasi-monomorphism. Then ιϕ is a quasi-
isomorphism since its class in QE is not a nilpotent element. Therefore H .= Ai . Because
of H ⊆ V	 ⊆ U	 ⊆ Ai one has U	 .= Ai . Then Ai is almost A	-generated and this fact is
possible if and only if 	 = i.
The proof that (b) implies the last statement is obvious by Theorem 3.2, while that of
(b) ⇒ (a) is analogous to (c) ⇒ (a) in the proof of [4, Theorem 3.1]. 
6. The class G
The class G of mixed abelian groups was introduced by Glaz and Wickless in [24]. It
consists of the self-small groups G with r0(G) < ∞ such that G = G/tG is divisible.
A mixed group G of finite torsion-free rank is in G if and only if G = Qn ⊕ A with A
a reduced group in G. The reduced groups in G are characterized by the following. (See [8]
for details.)
Proposition 6.1. Let A be reduced of finite torsion-free rank. Then, the following are equiv-
alent:
(a) A ∈ G;
(b) A satisfies the following three conditions:
(i) each tpA finite,
(ii) the inclusion map i :⊕p∈supp(A) tpA →∏p∈supp(A) tpA extends to a pure embed-
ding of A into the direct product,
(iii) for any full free subgroup F A, iF projects onto a set of generators of tpA for
almost all p ∈ supp(A);
(c) A is a self-small group and A is a divisible group.
Homological properties of the groups in G were investigated in [2], and we will refer to
this paper frequently. If m> 0 and G ∈ G, let Gm =⊕p|m tpG. Since Gm is finite, we have
G = Gm ⊕ G(m). In view of condition (b)(ii) above, it follows that G(m) must coincide
with
⋂
p|m pωG. Thus, the complementary summand G(m) for Gm is fully invariant and
unique.
We are interested in characterizing those groups in G that have the finite quasi-Baer
splitting property. The following proposition collects some simple facts about G that we
will need. To simplify our notation, we write R = E/tE.
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(a) The class G is closed under quasi-isomorphism.
(b) Suppose G ∈ G, β :G → H is a quasi-epimorphism and no tpH is infinite. Then
H ∈ G.
(c) If G ∈ G and H G is almost finitely A-generated for A ∈ G, then H ∈ G.
(d) If H G with both groups in G and G/H is torsion, then G/H is finite.
(e) Let A,G ∈ G and U be an A-generated subgroup of G with G/U torsion. Then G/U
is finite and G is almost finitely A-generated.
(f) A = A/tA is almost finite faithful as an R-module if and only if it is faithful.
Proof. (a) This is clear from Proposition 6.1.
(b) The following simple proof appears in [20]. We include it for the reader’s con-
venience. Write G = Qn ⊕ A with A a reduced group in G and H = D ⊕ B with D
divisible and B reduced. Since H contains no Z(p∞) and G is of finite torsion-free rank,
then D ∼= Qm. Moreover, B is a quasi-epimorphic image of A. So we just need show
that B ∈ G. Plainly, tpA maps into tpB and, by Proposition 6.1, A/tpA is p-divisible.
Hence, tpB is an epimorphic image of tpA for almost all p. Therefore every p-component
of H is bounded and supp(H) ⊆ supp(G). Moreover, there exists a monomorphism
Hom(β(G),T (G)) → Hom(G,T (G)). Thus Hom(β(G), tβ(G)) is a torsion group and
this implies that β(G) is a self-small group. Using Corollary 2.2 we obtain that H is a
self-small group.
The canonical homomorphism β :G → H is a quasi-epimorphism and G is a divisi-
ble torsion free group. This is possible only if H is divisible and it follows H ∈ G as a
consequence of Proposition 6.1.
(c) Since A ∈ G, so is any finite direct sum An. Since H G, no tpH is infinite. By (b),
H ∈ G.
(d) Without loss, we can assume that G is reduced. Let F be a full free subgroup
of H . Since G/H is torsion, F is also a full free subgroup of G. Suppress the pure
embedding and regard G as a pure subgroup of
∏
p∈supp(G) tpG to obtain the chain
F  H  G 
∏
p∈supp(G) tpG. Since G,H ∈ G, the full free subgroup F projects to a
set of generators for both tpH and tpG for almost all p. It follows that tpH = tpG for
almost all p. Thus, modulo the adjustment of finite summands, H and G can be identified
with the pure subgroup of
∏
p∈supp(G)
tpG =
∏
p∈supp(H)
tpH
generated by T (G) = T (H) =⊕p∈supp(G) tpG and F. (See [24] for details.) It follows
that G/H is finite.
(e) Let F be a finite rank full free subgroup of U. Since U is A-generated, there is an
epimorphism An → V for some natural number n, where V is a subgroup of U contain-
ing F . By (c), V ∈ G and, since F  V, the factor G/V is torsion. Then, by (d), G/V is
finite. Thus, G is almost finitely A-generated.
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torsion-free divisible groups. It follows that, if the module RA is almost finite faithful, then
it is faithful. 
A group A is essentially indecomposable if in every direct decomposition A = B ⊕ C
at least one direct summand is finite. We recall that a group in G is strongly essentially
indecomposable if and only if it is essentially indecomposable.
Theorem 6.3. The following conditions are equivalent for a group A in G:
(a) A has the finite quasi-Baer splitting property.
(b) RA is faithful.
(c) A = Am11 ⊕· · ·⊕Amnn ⊕T , where T is finite and each Ai is essentially indecomposable
such that:
(i) r0(SAj (Ai)) < r0(Ai) for i = j ;
(ii) if U1, . . . ,Un are subgroups of Ai for some i such that Uj = SAj (Uj ) and
r0(Uj ) < r0(Ai) for all j , then r0(U1 + · · · +Un) < r0(Ai).
Moreover, in this case whenever A = Am11 ⊕ · · · ⊕ Amnn ⊕ T where T is finite and each
Ai is essentially indecomposable such that Ai and Aj are not quasi-isomorphic for i = j ,
then conditions (i) and (ii) from part (c) are satisfied.
Proof. Since the equivalence of (a) and (b) has been already established, it remains to
show that (b) and (c) are equivalent:
(b) ⇒ (c). For groups in G, we have a stronger version of Theorem 3.2 (see [2] for
details). By [2], A ∼= Am11 ⊕ · · · ⊕ Amnn ⊕ T where T is finite and each Ai is essentially
indecomposable such that Ai and Aj are not quasi-isomorphic for i = j . Suppose that
there are i = j such that r0(SAj (Ai)) = r0(Ai). Since SAj (Ai) is of finite torsion free rank,
every maximal independent system of infinite order elements can be embedded in a finitely
Ai -generated subgroup of Ai . We fix such a subgroup which contains a maximal indepen-
dent system of infinite order elements of SAj (Ai), denoted by Wj . Note that Wj ∈ G as a
consequence of Proposition 6.2. Since Ai/Wj is torsion, we obtain that Ai/Wj is finite by
Proposition 6.2. Therefore, Ai is almost Aj -generated which contradicts Theorem 5.2.
Let U1, . . . ,Un be subgroups of Ai such that SAj (Uj ) = Uj and r0(Uj ) < r0(Ai). As-
sume that U = U1 +· · ·+Un satisfies r0(U) = r0(Ai). By Proposition 6.2, there is a finitely
Aj -generated subgroup Vj ⊆ Uj such that Uj = Vj + t (Uj ). Then, V = V1 + · · ·+Vn is a
finitely A-generated subgroup of Ai . By Proposition 6.2, Ai/V is finite. Then there exists
an index j such that Vj
.= Ai by Theorem 5.2, hence i = j and Ui .= Ai .
(c) ⇒ (b). Write A = Am11 ⊕ · · · ⊕ Amnn ⊕ T where the Ai ’s satisfy the rank condi-
tions (i) and (ii), and T is finite. Since the faithfulness of A/tA is preserved by quasi-
isomorphism, we may assume T = 0. Using Proposition 6.2, it is not hard to see that the
family {A1, . . . ,An} satisfies the superfluous socles condition. 
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A1,A2, T as above. Further, suppose that E(Ai)/tE(Ai) has no zero divisors for i = 1,2.
Then, A/tA is faithful as an E/tE-module if and only if r0(SAj (Ai)) < r0(Ai) for i = j .
Proof. Every map α ∈ E(A1) satisfies either α ∈ tE(A1) or α + tE(A1) is invert-
ible. In the latter case, there is a map β ∈ E(A1) such that βα − 1 ∈ tE(A1). Hence,
(mβ)α = m1A1 for some non-zero integer m. Therefore, r0(α(A1)) = r0(A1). Thus, if U1
and U2 are subgroups of A1 with r0(Ui) < r0(A1) and SAi (Ui) = Ui , then U1 is finite, and
r0(U1 +U2) < r0(A1). By symmetry, the second rank condition of Theorem 6.3 is always
satisfied. 
Corollary 6.5. Let A1, . . . ,An ∈ G satisfy r0(Ai) = 1 for i = 1, . . . , n. Then, every group
of the form A = Am11 ⊕ · · · ⊕ Amnn ⊕ T with T finite is faithful as an E/tE-module if and
only if Hom(Ai,Aj ) is torsion for all i = j .
Proof. Since r0(Ai) = 1, a subgroup U of Ai satisfies r0(U) < r0(Ai) if and only if U
is torsion. But then, Hom(Ai,U) is torsion since Ai ∈ G and U ⊆ tAi . Now apply Theo-
rem 6.3 directly. 
The last corollary shows in particular that every direct sum of torsion free rank 1 groups
in G satisfies the second rank condition in Theorem 6.3. We close the paper by showing
that the first and second rank conditions of Theorem 6.3 are independent.
Theorem 6.6.
(a) There exists essentially indecomposable groups A1,A2 satisfying the second, but not
the first rank condition in Theorem 6.3.
(b) There exist essentially indecomposable groups A1, A2, and A3 satisfying the first, but
not the second rank condition in Theorem 6.3.
Proof. (a) Let A1 be the pure subgroup of
∏
p Z(p)a
1
p which is generated by
⊕
p Z(p)a
1
p
and the sequence (a1p), and A2 be the pure subgroup of
∏
p Z(p
2)a2p which is generated
by
⊕
p Z(p
2)a2p and (a2p). From [9] we observe that Hom(A2,A1) is a group of torsion
free rank 1. By Corollary 6.5, {A1,A2} does not satisfy the first rank condition, while the
second holds in view of the remarks preceding the theorem.
(b) Let P1,P2,P3 be infinite disjoint sets of primes and let ap be a generator of Z(p)
for each p ∈ P = P1 ∪ P2 ∪ P3. Now let T =⊕p∈P Z(p)ap and define elements x =
(xp), y = (yp) in∏=∏p∈P Z(p)ap as follows: xp = ap if p ∈ P1 ∪P3, xp = 0 if p ∈ P2;
yp = ap if p ∈ P2 ∪ P3, yp = 0 if p ∈ P1. Take A1 ∈ G to be the pure subgroup of ∏
generated by x, y and T . It is a simple argument to check that (or see [8] for detail), while
r0(A) = 2, we have E(A1)/tE(A1) ∼= Q.
Let T2 =⊕P1∪P3〈ap〉 and T3 =⊕P2∪P3〈ap〉. Denote the pure subgroup of∏ generated
by T2 and x by A2, and the one generated by T3 and y by A3. If T ′ =⊕P2 Z(p), then
SA2(A1) ∩ T ′ = 0. By Proposition 6.2, SA2(A1) has rank 1. A similar argument shows
that SA (A1) has rank 1 since otherwise A1/SA (A1) has to be finite, which contradicts3 2
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is torsion. Therefore, the second rank condition in Theorem 6.3 fails with U1 = 0 and
Uj = SAj (A1) for j = 2,3. However, since Hom(A2,A3) and Hom(A3,A2) are torsion,
the first rank condition holds for the family {A1,A2,A3}. 
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